WAVE OPERATORS AND SIMILARITY FOR
GENERATORS OF SEMIGROUPS IN BANACH SPACES(%)

BY
SUE-CHIN LIN

1. Introduction. This paper is concerned with perturbation and similarity of
linear operators T in a Banach space X whose resolvent sets contain a half plane
and such that the operator —iT (or iT) generates strongly continuous semigroups
of bounded operators of B(X).

During recent decades many features on the perturbation of linear operators
have commanded a considerable interest and have been studied extensively.
Among them, the theory on perturbation of continuous spectra, originated by
K. O. Friedrichs [1], [2], was pursued by many authors, such as Rosenblum [3],
Kato [4], [S], [6], LadyZenskaja and Faddeev [7], Schwartz [8], Kuroda [9], [10],
de Branges [11], Rejto [12], Birman [13], [14] and others. Generally speaking,
approaches to the problem of the similarity (or unitary equivalence) between a
perturbed operator T(«), formally given by T+«V, and the unperturbed operator T
are classified as “stationary” or “time-dependent” according to whether the
intertwining operators (nonsingular, partial isometric or unitary) are constructed
from the resolvents or from the semigroups (groups or unitary groups) of the
operators. In his recent paper [6, §3] T. Kato obtained some results on the similarity
of certain generators of strongly continuous groups of bounded operators in
Hilbert spaces. The basic assumptions in [6] are that the resolvent set of the un-
perturbed operator T (not necessarily symmetric, nor bounded) contains both the
upper and the lower half planes Q, ={z | Im z2 0} and that —iT is the infinitesimal
generator of a strongly continuous group of operators of B(H) with type zero
(H Hilbert space). Our results in this paper are generalizations of [6] in two
respects. First we try to extend Kato’s work [6] from Hilbert spaces to more
general Banach spaces. Second we consider the perturbation problem in which the
resolvent set of the unperturbed operator 7" may contain only a half plane Q.
(or Q_) and further —iT (or iT) generate a strongly continuous semigroup.

The method used in this investigation is of the time-dependent nature. The main
results here can be formulated briefly as follows. Let X, Y be complex reflexive
separable Banach spaces. Let 7, T'and ¥ be operators (in general unbounded) in X
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with resolvent sets p(T)=>Q,, p(T)>Q_ and the operators —iT, iT generate,
respectively, the strongly continuous semigroups {e *T}o<;<. and {*T}o<; <o
of bounded operators of B(X) of class C, with type zero. We assume that T< T
and that the operator ¥ can be factored formally as the product BA of two opera-
tors A from X to Y and B from Y to X. We assume further that 4 and B behave
smoothly (see Definition 2.4) with respect to 7 and 7. Under these smoothness
conditions on the disturbance V, the perturbed operator T(x) and T(x), formally
given by T+«BA and T+ «BA, respectively, are similar to T and T, respectively.
These similarities are implemented by an intertwining operator W(x«) (called the
wave operator) constructed explicitly from the semigroups.

Applications are made to ““gentle perturbations of second kind”, originated by
K. O. Friedrichs [2, §12], [15], in which T= —id/dx and the disturbances are in-
tegral operators with kernel k(x, y) satisfying the condition

f f Ik(x, y)| dx dy < .
0 0

With the help of a factorization for the kernel of such disturbances, we are able to
handle the second gentle perturbation completely by our method. This answers
partly the question raised in Kato [6] about the relationship between our smooth-
ness conditions on ¥ and the gentleness conditions on ¥ given by Friedrichs.

2. Preliminaries. Let X and Y designate separable reflexive Banach spaces of
positive dimensions over the complex field with their dual spaces (Banach dual)
X' and Y’, respectively. The symbol | -| will denote the norms of both X, Y and
their duals. The value of the functional fe X' at the point x € X is denoted by
{x, f>. The Banach adjoint of an operator 4 (throughout this paper by operator
we shall mean linear operator) is denoted by A’. The class of all closed operators
with domain in X and range in Y will be denoted by €(X, Y). B(X, Y) stands for
all bounded operators with domain the whole range of X and the range in Y.
Co(X, Y)is the set of all T e €(X, Y) with domain D(T) dense in X. We shall write
C(X) for (X, X), €o(X) for €o(X, X) and B(X) for B(X, X).

DEerINITION 2.1. We denote by &, (X) the set of all Te€y(X) with p(T)>Q,
such that —iT generates a strongly continuous semigroup {U(?)}o<; < » of operators
of B(X) of class C, with type zero (i.e. {U(¢)}o<:<« is continuous in the strong
operator topology of B(X) and

(a) ltim Uityu =uforall ue X,
-0
(b) lim e~ U@)] =0

for every £ > 0. (Cf. Hille and Phillips [16].) We shall write e~ 7 for U(2). Similarly,
we define the class & _(X) as the set of all T € €y(X) with p(T)>Q_ such that iT
generates a strongly continuous semigroup {e"T}o<; . o Of class C, with type zero.
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We note that whenever Te &, (X) (&_(X)) so does T’, since our spaces are
reflexive (cf. [16, Chapter XIV]).

DEFINITION 2.2. Let A €€y(X, Y). We introduce an extended definition of
norm by setting || Au| =c0 if ue X but u ¢ D(A).

This extended norm is only a symbolic notation, since Au does not make sense if
u ¢ D(A). Thus, if B is another operator with its range contained in X, we use the
notation | 4Bu|| only when u € D(B) so that Bu is well defined; then || 4Bu| <
if Bu€ D(A) and | ABu| =00 otherwise.

Since 4 € €y(X, Y) and Y is reflexive, we have 4" e €y(Y’, X”) (cf. [16, Theorem
2.11.9, p. 43)). It follows that the graph G(A4') of A" is a closed linear subspace of the
separable Banach space Y’'x X’ (for both Y’ and X’ are separable) under the
norm |[{u, v}| = |ul| +|v|, {u,v}e Y x X" (cf. Kato [17, pp. 164-165]). Thus
G(A’) contains a countable dense subset {W,}, W,={w,, A'w,}. The set {w,} is
clearly dense in D(A’) (because the projection from G(A') — D(A’) is a bounded
operator), and hence in Y’. With this set {w,} at our disposal, we claim

LEMMA 2.3.

2.1 | Au|| = sup% , forallue X,w, # 0

where the extended norm defined above is used.

Proof. Let

[<u, A'w,)|
[[wall

s w, # 0.

o = sup
n
If u € D(A), it is easily seen that

u] = sup LB gp

w#0; wey’ HW" —n:w,.aeo ||Wn||

[<Au, w,)|

K

since {w,} is dense in Y’. Hence (2.1) holds.
On the other hand, if ¥ € X is such that « < oo, then for any v € D(A4’), ¢ >0, there
exists W, such that

|Wo—{v, A'v}|| < e,
which implies that |w,—v| <eand |4'w,— A'v| <e. It follows, by a simple estima-
tion, that
[<u, A'vp| < e|ju] +o)+ea]o].
Since ¢ is arbitrary, we thus have |(u, A'v)| L«|v|, for all ve D(4’). This implies

that u € D(A")= D(A). Hence the lemma.
We have, by (2.1),

—itT 4
2.2) |de~*Tu| = sup Ke™"u, A'ww)] , forueX.

niun#0 Il



472 SUE-CHIN LIN [May

Since e~ *T is strongly continuous in ¢, the function {e~*Tu, A'w,) is continuous in #
for each n; it follows that |Ae~*Tu| is measurable in ¢ (measurable refers to
Lebesgue measure throughout this paper, cf. Halmos [18, Theorem A, p. 84]).

DEFINITION 2.4. Let Te &, (X), A€Cy(X, Y) and 1 <p<oco. We say that 4 is
(p, +)-smooth with respect to 7, or simply (T, p, +)-smooth, if there exists a
constant M, <oo such that

2.3 f |Ae~#Tu|? dt < MP, foreachue X.
0

It follows from (2.3) that if 4 is (T, p, +)-smooth, then for any u € X, e~ *Tu € D(A)
for a.e. t.

LemMA 2.5. If A is (T, p, +)-smooth, then the mapping u — Ae "*Tu,0<t<co,
defines a bounded linear operator S on X to % =L?(0, o0; Y).

This lemma can be proved easily by using standard arguments on convergence
in L? spaces and the closed graph theorem.

As a consequence of Lemma 2.5, whenever 4 is (T, p, +)-smooth there exists a
constant M < oo such that

2.4) f " |de-#Tu|? dt < MP|ul?, for all ue X.
0

We shall denote by | 4|r,p,+, the infimum of all M satisfying (2.4). We define
smoothness of an operator 4 € €,(X, Y) with respect to a T'e & _(X) by replacing
—i and T with i and T, respectively, throughout Definition 2.4 and Lemma 2.5,
and arrive at

(2.4 f | de*Tul|? dt < M?||u||?, for all ue X.
0

DEFINITION 2.6, Let Te ®,(X) and Te ®_(X). If T<T, then we say that the
pair (T, T) € & .(X). If 4 is (T, p, +)-smooth and (T, p, —)-smooth with respect
to a pair (T, T) € ® ,(X), then we say 4 is (T, T; p)-smooth, and set

|45 = max {| 4| r,p, +3» [ Allct,5, -}

LEMMA 2.7. Let Te & ,(X) and BeCy(Y, X). Assume that B' is (T',q, +)-
smooth, 1<gq<co. Then for each fe % =L?0,00; Y) where 1/p+1/q=1, there
exists an X valued function F(t) on (0, c0) such that

t
2.5) CF(t), o) = f (f(s), Ble--9Tp> ds, forve X',
0
Proof. For any fe % and ve X' we have the following estimate

t
Uo f(s), Be ™ =Tv) ds| = | flla| B .. +l0ll.




1969] WAVE OPERATORS FOR GENERATORS OF SEMIGROUPS 473

Thus the map v — [} {f(s), B'e=**~9T'v) ds defines a bounded linear functional
onn X’'. Hence for every O<t<oo there exists F(t)€ X such that {F(t), v
=t <f(s), B'e~*¢~-9Tv) ds. Moreover, |F(t)| < f]o|B'|a.q,+, uniformly in z.

DEFINITION 2.8. Let Te &,(X), A€Cy(X, Y) and Be€y(Y, X). Assume that
A is (T, p, +)-smooth and B’ is (T”, g, +)-smooth. We define an operator, sym-
bolically denoted by Ae~'“TB0, in # =L?(0, c0; Y) as follows. For each fe %, let
F(t) be the function defined in Lemma 2.7 associated with f. If the function F(z)
has the properties that (i) F(¢) € D(A) for a.e. t and (ii) AF(t)=g(t), as a function
of ¢, belongs to %, then we say that fe€ D(Ae~*"TB6) and define de~*'TBif=g.

It should be noted that in general this domain of Ae~!“TBf may consist of the
zero element alone.

Similarly, operator 4¢'°?Bf can be defined in the same way for T & _(X).
We have

2.5 CE), b5 = f " Cf(s), Bet9Tsy ds, for ve X',
0

3. Main results.

THEOREM 3.1. Let X, Y be complex reflexive separable Banach spaces. Let
(T, T) e ® .(X), AeCy(X, Y) and BeC (Y, X). Assume that A is (T, T; p)-smooth
and B' is (T", T’ ; q)-smooth, where 1/p+1/q=1, 1< p < co. Furthermore, assume that
Ae'TBO and Ae*"TBO belong to B(#), with common bound <M. Then for any
complex number « with |«| <1/M, there exist T(k) € &,(X) and T(x)e &_(X)
uniquely determined by (T, T'), A and B with the following properties:

(3.1) A4 is (T(x), T(x); p)-smooth and B’ is (T(x), T(x)'; q)-smooth with

14l 2 S (A= || M) | A, 25

and || B’ ¢en, reri00 S (1= || M)~ || B || 2, 17:00-

(3.2) The pair (T(x), T(x)) € & .(X).

(3.3) T(k)>T+«BA, T>T(x)—«BA, T(k)>T+xBA and T>T(x)—«BA.

(3.4) T(x) is similar to T and T(x) is similar to T.
More specifically, there exists a nonsingular operator W(x) in B(X), given explicitly
by

(W(u, vy = {u, v)—ix f (AesTy, B'e=sT®"p) ds, ue X,ve X',
0

such that T(x)= W(x)TW(x)~* and T(x)= W(x)TW(x)~1.

REMARK 3.2. If T=17 and the operator —iT generates a strongly continuous
group {e "T}_, <1< Of operators of B(X) with type zero, then the perturbed
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operator T(x)=T(«) also generates a strongly continuous group of type zero. In
this case two *“wave operators” W (x) exist and are given by

(35) <W1(K)u, l“:> = <u, o+ in <Ae*‘”u, B'e*"T“‘"t'} dr
o

(cf. Remark 4.13). These operators W ,(x) coincide with the wave operators(?)
W *(k)=s-lim, , , €*T®e~#T constructed according to the time-dependent
scheme and furnish the intertwining relations

T() = W.(TW (k)"

In particular, one can write down results for X, Y Hilbert spaces and p=g=2.
These agree with the work of Kato [6].

REMARK 3.3. We note that if an operator A4 is (T, T; p)-smooth with respect to a
pair (T, T) € & ,(X) and T has a complete set of eigenvectors, then 4=0. For if 4 is
(T, T; p)-smooth and Tu=\u, the integral (2.3) is unbounded unless 4u=0. Thus
our results are essentially concerned with the perturbation of continuous spectrum
of T.

REMARK 3.4. Animportant and delicate part of this work involves the construc-
tion of the perturbed operator T(x) (T(x)). We first construct the perturbed semi-
group of operators U(t, «) (U(1, «)) from the semigroups e~ 7, ¢ and the operators
A, B (§4.1). We next prove that the semigroups U(t, ) and U(t, «) so obtained are
strongly continuous of class C, with type zero. We denote by —iT(x) and iT(x)
their infinitesimal generators (they are closed and densely defined), respectively.
We finally show that T(x)>T+xBA and T(x)>T+«xBA (§4.2). This process is
inevitable for general unbounded operators 4 and B. In the case B4 € B(X) we can
set T(k)=T+«BA and T(k)=T+«BA. Then most of the arguments in this paper
can be greatly simplified.

REMARK 3.5. In the construction of U(t, «) (U(t, ), we use a formal perturba-
tion series (cf. (4.5)). The smoothness assumptions on the operators 4 and B’ with
respect to (T, T) and (7", T’), respectively, are needed to prove the absolute con-
vergence of the perturbation series. It is worth while to point out that the successive
approximations there appear to be generalizations of the interaction picture
expansion

Qi —DT Po=isT o ...

t
-

U, k) = UG, 0)— i f

as used widely in Quantum Field Theory (cf. [21]).
REMARK 3.6. We also obtained some results by using the stationary method
under a set of assumptions different from that of Theorem 3.1. This will be treated

in a separate paper. We only mention here that our results by “time-dependent”
and *‘stationary’ methods are not related except for p=g=2; whereas in [6] they

(?) s-lim means strong limit.
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are nicely related by the Fourier-Plancherel theorem (cf. [6, §3, Lemma 3.6 and
Theorem 3.9]).

4. Proof of Theorem 3.1.

1. Construction of the perturbed semigroups. Let Uy(t)=e~"T be the unperturbed
semigroup. For each fixed u € X, set So(#)u= AUy(t)u. Since A4 is (T, p, +)-smooth,
So(t)u € Y for almost all 7 and, as a function of #, belongs to #=L"(0, co; Y) with

ISo(-Julle = [ 4llcz.p, +llul-
Let us define

@1 S,(-)u = Ae=*TBOS, ,(-)u, fornz 1.

By our assumption, de~*©TBf e B(#). Thus it is clear that the S,(-)u are well
defined for each u € X and all n2 0. Furthermore, S,(-)u € % with

4.2) 1S:(Jule = M*| 4],y +:]u]-

To construct our perturbed semigroup, we first define operators {U,(z)} as
follows. For 0<t<oo and n= 1, define

4.3) KU, (D, vy = f t {Sp_1(r)u, B'e="~"Tp> dr,
0

To be more precise, for each ue X and v e X', let us consider the following ex-
pression

¢
Ju(t, u,v) = f {Sp_1(r)u, B'e ¢-1Tv> dr, forn 2 1.
(1]

For each fixed ¢, the integral on the right exists and,

l/q

t 1/ ©
e, o)l s f 15,1l o) ([ 1o a)
0 0
t Up
= (fo 1S -1 (r)ul® dr) 1B | z.a, 0>l

It follows that there exists an element u, € X such that {u,, v>=J,(t, u, v). We define
U.()u=u,. Clearly U,(t) belongs to B(X) for all r>0 and
44) U] = 1Su-1(DullolB lza,+) S M Al x,p, 0| B llersa, 0> [4]-
Moreover, limp o Uy(t)u=0. By setting U,(0)=0, we thus obtained a family of
bounded operators {U,(¢)}ost <, 20 of B(X). Now we define
4.5) U(t, u = D (—ix)"Up(t)u, forue X, |«| < 1/M.

n=0

Our goal is to show that {U(t, «)}o<:< « is a strongly continuous semigroup of
class C,. To this end we shall first show that it is a semigroup.
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LEMMA 4.1. The family {U(t, k)}o<i< as defined in (4.5) is a semigroup of
operators of B(X), for every complex « with |«| <1/M.
Proof. Let us consider the series > -, (—ik)"U,(?). For each u € X we have, by
4.4),

|| | Un(t)ut]

1

IA
NMs

2(—1’K)"U,,(t)u

[<|*"M™ | Al x5, +>| Bl cx,a, +> 1]

IA
Ms i

(4.6)

1

00
] 1l B g ol 3 1e1787)-
n=

Thus for any complex « with |«| < 1/M, the series converges absolutely and uni-
formly with respect to t for 0=<t<oo. Since U(t, k)= Uy(t)+ 221 (—ik)*U,(2), it
follows that U(t, k) € B(X) for each t,0=r<o0. To see that {U(t, «)}o=: <o does
form a semigroup, first one observes that for each u € X, U,(¢t)u € D(A) for a.e. t.,
and that AU,(¢t)u=S,(t)u as an element of L?(0, co; Y). In fact, let v € D(4’). By
(4.1), (2.5) and noticing (4.3), we have, for a.e. t. and n2 1,

(Su(t)u, v) = {(Ae~*OTBOS, _,(-)u)(t), v>
_ f (8o (), Be~ 1T 4w dr
0

3
]

I\

= (U (t)u, A'v).

Since this is true for all v € D(4’), it follows that U,(¢)u belongs to D(A")= D(A)
and AU, (¢)u=S,(t)u for a.e. t. Thus we can replace (4.3) by

@7 om0 = | (AU, (P, Be=-PT's) db,
0

forue X,ve X',n=1and 0<t<c0.
Next we observe that

Ult+5,0) = D (=i Uy(t+9);

and

(iU ( 3 (-i0to)

8

U(t, K)UGs, k) = (

0

- 3 ir{ 3 vov.- o}

n

[
1]

8

In order to show that U(¢+s, «)= U(t, ) U(s, k)= U(s, ) U(t, k), by comparison
of the coefficients of (—ix)", it is enough to show that

@8) Uy(t+s) = ; ULV, (s) = ; ULs)Uy (1),
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These equalities can be shown easily by routine mathematical induction. The
lemma follows.
It remains to show that the family {U(#, «)}o=: <« is strongly continuous in ¢.

LEMMA 4.2. The semigroup {U(t, K)}osi<o iS a Strongly continuous semigroup
of operators of B(X) of class C, with type zero.

Proof. By definition, U(t, )= 2, (—ix)*U,(2); where Uy(?) is the unperturbed
semigroup which is strongly continuous in ¢. Let t'>¢. Forn=1,ue Xand ve X’
we have, by (4.3),

Ut Y= Un(t)u, vy = j" (Sa-1(r)u, Be=C="T'5) dr
0
- ‘r {S,_1(r)u, B'e=*¢=7Tp> dr
0
— f (S,_1(r)u, B'(e™1¥ 1T — g=1t=0T"Yy\ gp
0

+J:' {8p_1(r)u, B'e~'*-1T'v% dr
=Ji+/,.
Since e~ ~NT =g~ Kt-NT'e-it'-OT’ e have
Jy = J: {Sp_1(r)u, B'e=1¢-nT'(e~¥¢ =0T _ o dr
= (U0, ="~ D)
= (e~ -9T_DU,(t)u, v).
Hence |J,| £ (e =T = D)Un(t)u] [].
Jy = J: {Sp_1(r)u, B'e='*-T'p> dr.
We have
t 1/p
Ul 5 ([ 1S0-sl? ) " 1B e ool

Consequently

NUn(eYu— Un(t)u

I\

sup (|73 +Vzl)
" (e -’ =0T _ I) Un(t)u||

, 1/p
1B o[ ISumatrul ar)

A

Observe that in the right-hand side of the above inequality, the first term goes to
zero as t’ — ¢ due to the fact that {e~*T}<, ., is of class C,, while in the second
term the function g,_(r)=|S,-.(r)u|? is integrable over (0, ) for each n>1,
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hence [ g,-; is absolutely continuous with respect to the Lebesgue measure on
(0, 0), so _f: gn-1—> 0 as t' — t. Therefore we see that

|Un(tu—Up(t)u| -0 ast’'—t fort = 0,

i.e., U,(?) is strongly continuous in ¢ from the right for each n = 1. Being the sum of
Uo(?) and 32, (—i)"U,(¢) (the series converges absolutely and uniformly with
respect to ¢, cf. (4.6) and its proof), U(t, «) is therefore strongly continuous in ¢
from the right.

It is well known that one-sided strong continuity of a semigroup implies strong
continuity. In fact, weak one-sided continuity of a semigroup is enough to insure
its strong continuity (see Hille and Phillips [16, Theorem 10.2.3 and its corollary
pp. 405-406]). Thus the family {U(t, «)}o=: < 1$ a strongly continuous semigroup
of operators of B(X). It can be seen easily that U(t, «) is also of class C, with type
zero. In fact, for each u € X, let f,(¢)=>2_, (—ix)"U,(t)uand f(t)=>2_, (—ix)"
- Un(t)u. Then, by (4.6) (Lemma 4.1), £, — f uniformly in (0, c0). Since f,(¢) are
continuous functions of ¢ and lim,_,, f,(¢)=0 for all n2 1, thus

lim f(t) = lim lim £,(¢) = lim lim £,(¢) = 0.
t-0 t-+0n—- o n—+w t=0

It follows that lim,_, U(t, k)u=1lim,_ o Uo(t)u+1lim,.., f(t)=u, because Uy(t) is of
class C,. This implies that U(z, «) is also of class C,. Moreover, for any ¢>0, >0,

e~ U, )| = e~ Us(®)] +e~*

3 v

In this inequality, the first term on the right goes to zero as ¢ — oo due to the fact
that Uy(?) is of type zero. The same is true for the second term by (4.6). Hence
U(t, «) is of type zero.

Having proved that {U(t, x)}o<:<« is a strongly continuous semigroup of
operators of B(X) of class C, with type zero, let us denote by —iT(«) its infinitesi-
mal generator. In what follows we shall write e~*7® for U(, «).

ReMARK 4.3. Throughout §4.1, we may replace the operator —i7 by the operator
iT, and define U,(t) by

Os0) = e,

t -~
4.9) OO, 0 = — f (AU, _y( ), Be-"Po>dr,  n2 1,
0

0@, «) = 2(—1’1()"0"(0.

We can show similarly that {U(¢, «)}o<;< is a strongly continuous semigroup
of operators of B(X), for |«| <1/M. We shall denote by iT(x) its infinitesimal
generator and write eT® for U(t, «).

2. Proof of (3.1) to (3.3).
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LemMA 4.4. A is (T(x), T(x); p)-smooth and B’ is (T(x)', T(x)'; q)-smooth with

|4l ros,toorm S (1= x| M) | Az, 2.9
and

B[l toer,z0er:0 S (1= 16| M)~ B'|| 4, 77:00-

Proof. As was discussed in the proof of Lemma 4.1, for each u € X, U,(¢)ue D(A)
for almost all ¢ and we have AU, (t)u=S,(t)u for all n=0. Let

gn() = 2 (=i AUp(- Ju.
m=0
It follows, by (4.2), that

I(=ix)"Sa(-Julo

Il

2 (= iy AU ul

n=0
=S Z()|"|"M"||A||(T,p,+>"“|| = (1= |«[ M)~ | A cz,p, +> 4],
ne
for all |«| < 1/M. Hence g, converges to an element g € %. We can pick a subsequence

{gn,} of {g,} such that
8, (t) = g(t), for almost all ¢.

Since 32 o (—ix)*U,(¢)u converges uniformly in ¢ € (0, o) (cf. Lemma 4.1, (4.6))
and 4 is closed, it follows that, for almost all ¢, >7_ o (—ix)"U,(t)u € D(A) and
ACG -0 (—i)"Upn(t)u)=limy_, » g,,(t) = g(t). In other words, e~*T®y € D(A) for
almost all t and Ae~*7®y=g(¢). This implies that

lde~ T ulley = | glo = (1= |x|M)~*|A],p, +,]u]-
Hence A4 is (T(x), p, +)-smooth and

[4lz,p.4) S (1=[e| M)~ Az, 4+

The assertions that 4 is (T(x), p, —)-smooth, B’ is (T()’, g, +)-smooth and B’ is
(T(x)', g, —)-smooth can be proved similarly. This proves (3.1).

Before we go further, we need to investigate the adjoint of the convolution
operator C=Ae~'"TB € B(¥). It is known (see Hille and Phillips [16, p. 89]) that
the adjoint space of % is #'=L%0, co; Y’). Hence we have C' € B(¥").

Let [f, g] stand for the pairing between fe% and ge®’. Let [a,b) be an .
arbitrary subinterval of [0, c0).

We define(®) f(s)=Kiq,,u(s)v, v € D(B). Clearly fe%. We have, by definition
(see (2.5)), for any w € D(4’),

(Cf)o), wp = f (F(r), Be 0= 'y dir

g
N f {Kia,p\()v, B'e™" =T A'w) dr = J(0).
0

(®) Kia.v) stands for the characteristic function of [a, b).
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If 0 <a, we have J(6)=0. For o € [a, b)
J(o) = f (v, B'e "' A'w> dr = fd {Ae~ 1" =9TBy w> dr.

If 2 b, then J(o)=[> (Ae~"“~"TBv, w) dr. Since this is true for all w € D(4") which
is dense in Y’, thus we conclude that

(Cf)o) = 0, s<a
(4.10) - f " de--9TBydr,  oela,b)

b
___f Ae~"*-9TBy dr, o = b.
a

The integrals are understood in the sense of Pettis. Thus for any g € %', we have

sl = [« s@rdr= [+ [ +]
_ Lb do L " (A= =T By, g(0)> dr
+ fb " do f: (e~ =T By, g(o))> dr
_ f” dr { f " (de7-9"By, g()) da}-

This change of the order of integration is justified. First we note that | de ~*TBv| is
measurable in ¢ implies that | de~“°~PBy| is measurable in (o, 7). And

b po
f f |{Ae~* =T By, g(o)y| do dr
a 11

b o 1/p b oo l/q
g(f f ||Ae‘““"’TBv||"dadr) (f f ||g(o)||"dod1)

< (b-a)""| 4| x,p,+)| Bo](b—a)'"| g]s-
< (b-a)| 4|+l Br] |gle < .
Hence, Fubini’s theorem can be applied.

On the other hand, [Cf, g]=[, C’g]=f(‘;° (7)), C'g(7)y dr= j'z (v, C'g(7)) dr.
Thus by combining the results above, we obtain

f {<"’ C'g(’»‘f (Ae~o~"By, g(0)) do p dr = 0.
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Since this holds for an arbitrary subset [a, b) of [0, c0), it follows that the integrand
vanishes almost everywhere in [0, ), i.e. for a.e. 7

@.11) (o, C'g(r)> = f (e~ =T Br. ¢(0)> do.
T
Similarly, for the operator C=A4e"7BY, we have

@11 (v, Cg(r)> = f * (491 Bp, g(0)> do,

T

forallve D(B)and ge %",
For each fixed 7, 0<t<oo and v € X, let us define

glr) = Be ¢-nTp, 0 <r<st
=0, r>t;

and
Un(r)v = Uy(t—r)v, 0r=st¢

=0, r>t,
where U,(t), m=0, are operators defined by (4.3). We note that g, e %',
LEMMA 4.5. U, (r)'v e D(B) for a.e. r and

4.12) B'U, (r)v = C'™g(r), forallm z 0.

Proof. Since Uy(t)=e T and B’ is (T",q, +)-smooth, we see that B'U, (r)'v
=B'Uy(t—r)v=PB'e ¢~ "T'y=g(r), thus (4.12) holds for m=0. Suppose that (4.12)
holds for m=n. Let w € D(B), then

w, €™ ig(r)) = {w, C'(C™g)(r)) = J; ) {de™'~"TBw, C""g(0)) do, by (4.11).
But
f ) {Ae"*~"TBw, C""g(0)) do = r (4e~“TBw, C"g(o+r)) do,
r V]

and, by inductive hypothesis, C'"g(c+r)=B'U, (o+r)v=B'Uy(t—r—o)v=
B'U, ;- (o)v=C"g,_,(o) (this makes sense for r<t, and zero otherwise), and
Ae~TBw=Sy(c)Bw (see the definition of Sy(-)). It follows that the last integral
becomes

J.: (So(0)Bw, C'"g;_,(0)) do = [So(-)Bw, C"g;_,]
= [C"So(-)BW, g ;] = [Su(-)BW, g;-,]

t—1

- fo (Su(0)BW, g,-.(0)) do

- f T (8.(0)Bw, Ble=-T=0T'5S do
0

= (Up+1(t—r)Bw,v), by (4.3).
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Thus {w, C'"**1g,(r)>=<Bw, U, ,,(t—r)'v), and hence
Ctig(r) = B'Upy(t—r)v = B'Upyy (r)'v.

LEMMA 4.6. The semigroups e~ *T and e~ "T® satisfy for 0<t<oo the following
relations: For ue X,ve X',

t
4.13) (e #T®y =Ty S = —jk f {(Ae~rT®y B'e~1t-nT"y\ dp.
0

(4'14) <e—aT(x)u_ e—m‘u’ v> = —ik 'r < Ae“'Tu, B/e—t(t—r)T(x)'v> dar.
0

Proof. Formally we have

f (Ae~"T®y, B'e ¢~ NTpS dr = f <A( Z (—iK)"U,,(r)u), Be-it-nT v> dr.
0 0 n=0

Recall that ACE o (i) U (Du)=>2-0 (—ix)*AU,(¢)u for almost all ¢ (cf.
Lemma 4.4). Further, the sum

© ¢
Z (—ix)" f (AU (r)u, B'e=*¢=nT'p> dr
n=0 o

exists and equals to >=_ o (—ik)™ (U, ,1()u, v). It follows that

f (Ae "T®y B'e~1¢-nT'p5 dr = ( —ix)‘1< Z (—ix)"Uy(t)u; v>.
0 n=1
This implies that
(—ix) f (Ae~rT®y B'e~1¢-NT'y\ dp = (=#TWy _ o=itTy p\.
0

(4.13) follows.
As for (4.14), first notice that

(4.15) U, vy = J: {So(r)u, B'U,_(t—r)v) dr, nzl.

This can be seen easily by induction and Lemma 4.5.
To prove (4.14), let us congider the expression

t
f < Ae~ 'Tu, B' e~ it - r)T(x)’v> dr
1]

= J: <Ae“'Tu, B’(é; (=i ,,(t—r)')v> dr

© ¢
= z (—ir) f {Ae~"Tu, B'U,(t—r)v) dr.
)

n=0
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By (4.15), we see that the last quantity equals

3 (=i <Unsin > = {3 iy Um0 (=i
— <e—ltT(N)u_e—“Tu’ v>'(_iK)-1.

Thus (4.14) follows.
In the same fashion, we can prove

LEMMA 4.7. The semigroups T and "1™ satisfy for 0 <t < oo the relations

4.13" <e£tf’(x)u_ eitf'u’ V> = ik f ¢ Aeirf(rc)u, B'ei(t—r)i'v> dr;
0

4.19)~ <euT(x)u_ e“fu, 0> = ix J" KA eirf‘u’ B'ei(t—r)?(rc)'v> dr.
0

LEMMA 4.8. T(k)>T+«BA, T>T(x)—«BA, T(x)> T+ «BA and T> T(x) - xBA.
Proof. Let R(z, x)=(T(x)—z)~! and R(z)=(T—2)"1, ze Q,. Now

© t
i f etzt[_l'K J‘ <Ae-!rT(x)u, B'e—«t—r)r'v> dr] dt
0

0

= K J‘w dr[ J.w eizt<Ae—!rT(lc)u’ B'e-i(t-r)T’v> dt]
0

r

K JMD dr[ on eiz(t+r)<Ae—er(x)u, B'e—itT'v> dt]
0 0

-] -
K f dr eizr[ f e de~TOy B'e~ TS dt]
0 0

= Kk f ¥ {Ae~"T®y  —iB’'R(z)'v) dr

0
= (—i)2«{AR(z, )u, B'R(z)'v) forue Xandve X’

(cf. Lemma 4.4 about the validity of the last steps). It follows that by taking the

Laplace transform (except a constant factor) of both sides of (4.13), we obtain
CR(z, k), ) —<{R(2)u, v) = —Kk{AR(z, K)u, B'R(z)'v)

— ([R()BIAR(z, ), v,

where [Q] denotes the closure of the operator Q. The fact that [R(z)B]=B'R(z)’
can be proved easily (cf. [19, Remark 1.8]). This implies that

(i) R(z, ¥)— R(z)= —«[R(z)BlAR(z, k).
Similarly, we have, by using (4.14), that

(ii) R(z, k) — R(z)= —[R(z, )B]AR(2).

To prove (3.3),let ue D(T) N D(BA) and v=(T—z)u, ze Q.. Then R(z)v=u,
hence application of (ii) to u gives R(z, x)v=u—«[R(z, xK)BlJAu=u—«R(z, kK)BAu.
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This implies that u e Range of R(z, k)= D(T(x)) and (T(x)—z)u=v+«xBAu=
(T—-2)u+xBAu=(T+«BA)u—zu. Hence T(x)>T+«xBA. Similarly we can prove
that T(x)>T+«BA, . . ..

It follows from Lemma 4.8 that T(x) is strictly equal to T4+ «BA and T(x) is
strictly equal to T+ «xBA, if BA € B(X).

LEMMA 4.9. Let Te & ,(X) and T € & _(X). Then T<T if and only if eTe-#T=]
for all 0<t<oo.

Proof. Suppose T<T. Let Q(t)=eiTe-*T, Clearly Q(t) € B(X). Using the facts
that the function Q(¢)u is differentiable in ¢ for each u € D(T) and that T< T, we get
O()u=u for all ue D(T). Since D(T) is dense in X and Q(t) € B(X), we can
therefore conclude that Q(¢)=17 on X.

Conversely, suppose Q(t)=1 on X. Let ue D(T) and v € D(T"). We have <u, v)
={0()u, vy =<{e"Te~ Ty, v) ={e~#Tu, *T'v>, by noting that iT” also generates a
strongly continuous semigroup. Now by differentiating both sides with respect to ¢
and evaluating at =0, one gets 0= —i(Tu, v)>+iu, T'v). This implies {Tu, v)>
={u, T'v) for every v € D(T"), thus u € D(T")= D(T') and Tu=Tu. Thatis T<T.

LEMMA 4.10. ¢T®e-1T® = [ for all 0< t < 0.

Proof. From our constructions, e *7®=3>%=_, (—ix)"U,(t) and

ef® = > (—i)" Un(2).
n=0
Thus
(4.16) eltf e —1tTw) — Z (—ik)"P,(1),
n=0

where P,(t)=37_, U,(t)U,_(t) for 20, 0<t<oco. By using Lemma 4.9, equations
(4.7), (4.8) and noting Remark 4.3 we can prove inductively that P,(t)=0 for all
n21 and all 0=t <oo. (Although the proof is nontrivial and tricky, it is too long
to be presented here; we omit it for aesthetic reasons, cf. [19, pp. 55-58].) We
therefore conclude that

eltf‘(x)e—itT(Jc) = Po(t) =T

Lemma 4.10 and Lemma 4.9 prove (3.2).
3. Defining formula for W(x) and proof of (3.4). For ue X and ve X', the
expression

W(u, vy = {u, v)—ix f (Ae"Tu, B'e~"T®"pY d,
0
defines a bounded operator W(x) € B(X). For we have
© R 1/p l/q
f "AeisTu" . “B'e-isr(x)’v“ ds < (f "Aeisf‘u"p ds) (f "B'e-lsT(rc)’v"q ds)
0

< | Alp, >l 1B llcxr,a, +x(1— || M) =2 o]
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(cf. Lemma 4.4). Let us write W(x)=1+«P, where
(Pu, vy = —i J:o {Ae*Ty, B'e™5T® 'y ds.
Similarly the expression
(Z(Ku, v) = {u, vy +ix f: {AesT®y, B'e="T'p> ds
defines a Z(x) € B(X). We write Z(x)=1+«Q, with
(Qu, vy =i f (AT, Bre=5T Y ds.
LeEmMMA 4.11. ‘ W(k)Z(k)=Z(k)W(x)=1.
Proof. Let u€ X and v € X’ and we have
(PQu, v = {Qu, P'vy = i fo " (Aet ooy, Bre=STP'yy ds,

Notice that for any w € D(B), ve X’ one has
{w, B'e 5T'P'vy = (Bw, e " T'P'v) = (Pe~"TBw, v)

= —i f {Ae"Te~5TBw, B'e~"T®'p) dr
0
~~A{f+[}
[ s
The integrals inside { } can be evaluated separately as follows.

s s
f — f <Ae_“s_')TBW, B'e—irT(x)’v> dr
o o

— i/K- <e—(sT(x)Bw_e—isTBw, v>

= ifx-{w, B'e”“T'v) —i[xw, B'e™*T'v),
for a.e. s, by using (4.13) and noting Lemma 4.9. And, by (4.11)", we have
fo = f (Ae'"~9TBw, B'e~"T®'y) dr
= (w, C’g(s)), where g(r)=B'e~"T*,

The above results yield

B'e=5T'Py = (1)) B'e™*%'y—(1/x)- B'e~*T'o—iC'g(s)



486 SUE-CHIN LIN [May

for a.e. s. Hence

(PQu, v) = I/KJ <Aeisf(x)u, B'e~sT®'y ds
0
_i/K.f CAesT®y Ble=tT'pS ds
0

+Jmo (Ae'sTmy, ¢ "g(8)> ds
0

= 11 + 12 + 13.
Let f(s) = Ae**T®y (4 fixed in X), then

L= f: (s), Cg(s)y ds = [f, €'g] = [C, g]

= 7 <rs) st5 as.
Now for all v € D(4") and for a.e. s, we have, by (2.5)"
e, = [ S0 Bee " a0y dr
V]
S -
— f {AetrTwy, B'elts—nt A'v) dr.
0
By (4.13)", the last integral equals
(1/i)esT®y —esTy, A'v> = (1/iK){Ae*T®u, v>—(1]iK) Ae*Tu, v)
for a.e. s. Hence
Cf(s) = (1/ik)Ae*T®y—(1/ix)Ae*Tu, for a.e. s.
It follows that

I = f ? (1/i){ Ae*sT®y — ATy, g(s)> ds
/]
= /ik) f 4 Aeisf'(!c)u, B'e—isT(x)'v> ds
0
—(1/ix) j (Ae"Tu, B'e= 5T v ds.
V]

The first term of I3 cancels /;, and the second term of I; is precisely equal to
(—1/k){Pu, v). While I,=(—1/){Qu, v). By combining I,, I, and I;, we obtain
CPQu, vy = (—1/k)Qu, vy —(1/k){Pu, v).

This implies xkPQ+P+ Q=0, which is equivalent to W(x)Z(x)=1. The relation
Z(x)W(x)=1 can be shown in the same manner.
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LeEMMA 4.12. With the nonsingular operator W(x) constructed above, we have
@) Wke T = e "T®W (k) and
®) W(K)eir?= eirTe W),

forallr,0sr<oo.

Proof. Let u€ X and v € X' and we have
W(k)e "Tu, vy = {e~""Tu, vy —ix f (Ae*TeiTy, B'e~ 1Ty .
0
The integral on the right-hand side can be split into two terms [} and [}, where

r
._,'Kf <Aeisf‘e—irTu, Ble—isT(x)'v> ds

0

r
_’-Kf <Ae—i(r—s)Tu’ B'e—isT(x)’v> ds
0

— <€ -irT(x)u’ v> — <e - irTu’ v>,

by noting Lemma 4.9 and using (4.14); and
—iKk f < Aetsf'e—irTu, B'e—isT(x)'v> ds

@
- —ix f (As="Ty, BTy ds
r

«
— ik J < Ae’Sfu, B'e—isT(x)'e—irT(x)'v> ds,
0

by a change of variable s—r — r. Consequently, by combining the above results,
we get

0
(W(K)e™"Tu, v> = u, e~ T®pS — e f < AeTy, B'esT®Y (=70 p)s s
0

= {W(k)u, e "T®py = Le TR W (i)u, v).
Since this holds for all u, v, it follows that

W(k)e= T = e~ T® P(x).

Similarly, one can prove (b). This gives the intertwining relations W(«x)T
=T(k)W(x) and W(k)T=T()W(x).

The proof of the theorem is thus completed.

REMARK 4.13. In the case of the strongly continuous semigroups {e ~*T*} and
{€"T™} )<, . constructed in §4.1, we are naturally interested in the investigation
of the existence of the wave operators according to the time-dependent scheme. That
is, we would like to know whether or not the strong limits of W,(t, )= e!f®)e~ 4T
and W,(1, K)=e #T®e"? exist as t— co. It turns out that under the assump-
tions of our Theorem 3.1, the operator W, (x)=s-lim,,, W,(t, ) exists, but
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s-lim,_, », W(t, x) does not seem to exist. Although W,(x) exists, it does not give the
intertwining relation between T and T(x) or T and T(x). However, in the special
case T="T, the roles of Tand T can be interchanged throughout the constructions
of T(x) and T(x); it follows that T(x)=T'(x).

Thus {e~*T®} and {e~#T}_, ;<. are strongly continuous groups of opera-
tors of B(X) with type zero. In this case, two ‘“wave operators” W .(x) exist,
given explicitly by

4.17) KW (1), vy = {u, v) +ix j {AeFTy, B'e* 10y dt,
0

and we have
T(x) = W ()TW ()" 1.

What is really interesting in this case is that the strong limits W *(«x) of W(t, )
=¢itT®e~#T a5 t — + 00 exist and coincide with W (). In fact, writing e~ *Tu and
e*T®’y for u, v in (4.17), respectively, one gets

0
(W . (K)e~ Ty, T py = (WL, k)u, v) + ik f (Ae1t+nTy Belt+NTCY 1 dy
0

Note that

(W, (K)e™ Ty, eTO Yy = (etTOW  (k)e~ Ty, v
= (W, (x)eTe™"Tu, v) = (W (<)u, v).

Thus replacing 7 +r by r in the integral on the right, we get

KW (1)u, vy = WAL, Ku, v>+ ik f {Ae~ Ty, B'e™™™p) dr,

t
or
KW o (ku— WAL, k)u, vy = ik f (Ae™"Tu, B'e"™™v) dr.
t
This implies
@ 1/p ,
[ =W, 51 5 [el( [ [ Ae=ulP dr) 1B - ol
It follows that
© 1/p

@18) W Cou= W, ul S [ul( [ el dr) 1B ey
By virtue of the assumption that

f | de=Tul? dr < oo,
0
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the integral on the right of the above inequality (4.18) is finite and it therefore tends
to zero as t — oo. This shows that W(t, <) — W, (k) strongly as t — 0. The asser-
tion about W _(x) can be proved similarly.

5. Applications. In this section we shall apply our results to the perturbation
problem involving the differential operator —id/dx. We prove that Friedrichs’
““gentle perturbation of second kind” can be handled by our method for general
P, 1 <p<oo. Of course the results in this paper can also be applied to the examples
studied by Kato [6, §6] about Schrodinger operator L(x)= — A+«f(x) as well.

Let X=17(0, o) and Y=L?((0, o) x (0, 0)), 1 <p<oo. Let D(T)={ue X | u be
absolutely continuous and its derivative ' € X}, and let D(T)={u € D(T") | u(0)=0}.
Define Tu= —iu’ for u € D(T) and let T be the restriction of T on D(T). It is well
known (cf. Dunford and Schwartz [20, pp. 629-630]) that Te &,.(X) and
T € ®_(X). Therefore the pair (T, T) € & ,(X).

Let k(x, y) be a complex valued measurable function on (0, ) x (0, ) such
that

KI = '”‘|k(x, »)| dxdy < .

DEFINITION 5.1. Let D(A)={ue X : [ |k(x, y)| |u(y)|? dx dy <oo} and let D(B)
={ve Y: [[[ Ik(x, »)|*|o(x, p)| dy]? dx <o}, where 1/p+1/g=1. Define(*)

Au(x, y) = |k(x, y)|"*u(y),  ue D(4);
and

Bo(x) = f ® sGx, y)lk(x, y)| M u(x, ) dy,  ve D(B),

where s(x, y)=sign k(x, y).
We see that A is an operator from X to Y and B is an operator from Y to X.
If u e D(BA), then

BAu(x) = f sCx, YkGx, y)|Hedu(x, y) dy
= [ ke el ) 7u) dy

= fk(x, y)u(y) dy.

Thus the integral operator ¥ with kernel k(x, y) is an extension of BA.
LEMMA 5.2. A€C€y(X, Y) and Be €y (Y, X).

Proof. D(A) contains all bounded functions; in fact, if |u(y)| < M <oo, then
[[ 1kCx, p)| [u(p)|? dx dy < MPJkl < 0. Thus 4 is densely defined. To see that 4 is

(*) We write Au(x, y) for (Au)(x, y) and Bu(x) for (Bv)(x) throughout this example.
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closed, let u, € D(A) such that u, — uin X and Au, — vin Y(%). Since u, > uin X
=L7(0,0), there is a subsequence of {u,} which converges almost everywhere to u.
For simplicity, we shall use the same index set for this subsequence; thus we have
u,(y) — u(y) for a.e. y. It follows that

(.1 [k(x, Y)| |un(P)I? — |k(x, )| |u(p)|? for a.e. y.

Since {|k(x, y)| |u.(»)|?} is a sequence of nonnegative integrable functions, by
Fatou’s Lemma, we have

[[ 1k 1 1)1 dx dy < tim in [[ ke, ) ()12 e dy
= lim inf |Au,|? = |v||? < .

Thus u e D(4). Now that Au, —v in Y, there is a subsequence {Au,} which
converges to v for a.e. x, y; but also we have Au, (x, y) — Au(x, y) for a.e. x, y
(see (5.1)), consequently we must have v(x, y)= Au(x, y) for a.e. x, y. This means
that Au=vin Y, hence A4 is closed. Thus 4 € €,(X, Y).

The adjoint operator 4’ of A is given explicitly by

(5.2) Av(3) = [ ke, ), ) d, - for ve D(A),

where

D) = {ve Y : f
0
This can be seen easily; in fact, if v € Y’ is such that

L[ s sateote, dxl"dy < o,

o0 q
f Ik(x, y)|27o(x, y) dx | dy < oo}-
0

0 0
then for any u € D(4), we have

(cwo>] = | [[ 1kt oot ) e |
= | [0 { [ ks, a1mot, ) de} ]

Jul{ [| [ e etz ) [ ay} ™ < o

It follows that v € D(A’). Conversely, if v € D(A’), then {u, A'v)={Au, v) for all
u € D(A), i.e.(5).

[ {7 ks i, vy sl ay =

IA

(®) Convergence of vectors will always be strong convergence.
(®) Note that the change of the order of integration is justified. For

[[ 1 1ktx, 5y120tx, )] dx dy < el lol < <o
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In particular, if #(y) is the characteristic function of an arbitrary semiclosed interval
[a,b), 0=a<b<co, then we have [;{A'v(y)—[g |k(x,y)|"""u(x, y) dx} dy=O0.
Since this is true for an arbitrary [a, b), it follows that the integrand vanishes almost
everywhere in (0, o). That is,

A'v(y) = J“” k(x, p)|*?u(x, y) dx, fora.e. y.
0
Hence we have
er |k(x, y)|*Pu(x, y) dx |q dy < o.
0 V]

As for the assertions about B, we can prove it indirectly as follows. Let

D(F) = {ue X' f |k(x, p)| |u(x)|*dx dy < oo}-
We define
(5.3 Fu(x, y) = |k(x, p)|*'s(x, y)u(x), ue D(F).

Clearly Fis an operator from X’ to Y’. Just as we have proved that 4 € €y(X, Y),
we can show that Fe €(X’, Y’). Hence F' exists and, furthermore, D(F’) is strongly
dense in Y (because Y’ is reflexive, see Hille-Phillips [16, Theorem 2.11.9, p. 43)).
Thus F’ € €y( Y, X). By the same elementary computation as we did for A4’, we see
that F'=B. Hence Be €Y, X).

THEOREM 5.3. Let X=L"(0, ) and Y=L?((0, ©)x (0, ©)), 1 <p<oo. Let T, T
be as defined above. Let k(x, y) € L*((0, ) x (0, o)) with k=[5 |5 |k(x, )| dx dy,
and let A, B be operators defined in Definition 5.1 associated with the function k(x, y).

Then for all |«| < 1/Qkll, there exist T(x)>T+«BA and T(x)>T+«BA for which
the results of Theorem 3.1 hold.

We shall build our proof on the following lemmas.

LEMMA 5.4. A is (T, T; p)-smooth and B’ is (T, T';q)-smooth in the sense of
Definitions 2.4 and 2.6, where 1 <p<oo and 1/p+1/q=1.

Proof. The semigroup U(t)=e~*T generated by —i7T and the semigroup U(t)
=e¢'? generated by iT are, respectively, operators of right and left translation, i.e.,
forue X,

U u(x) = u(x—t), O0=t=x
=0, otherwise;
and
O@)u(x) = u(x+t), 0= x.
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Thus we have

vl = [[1400u, e dx dy

= 7 [ ) ity =) dx ay,
hence
[ vz de = {7 [" kel axay [ 1ur-nl de < Wl julPs

and

|40” = [[140wcx P dx dy = [[1kCe )] [uy-+0)P dx dy,

so that

|7 14t de = ([ ) dx ay [1ucy+ole de < Wl
It follows that A is (T, T'; p)-smooth with

"A "(T,f’:p) = lkl

The assertion that B’ is (I”, T"; g)-smooth can be proved similarly, with the same
estimate.

LEMMA 5.5. || de~*7Bf|o < Bkl || f|l#» and
|4eTBof | < BKH | f]@, for all fe ¥ = L?(0, o; Y).

Proof. For any fe %, ve X’ we have F(t) € X for every ¢ in (0, o), where (cf.
(2.5), Lemma 2.7)

F@, 0> = [ o), Beme-moy ds
0
We must show that F(¢) € D(A) for a.e. ¢ and, as a function of ¢, AF(t)e¥,

that is, [ |AF(?)|? dt<oo(7).
Let ve D(A’"). By (2.5), we have

(AF(t),v) = (F(t), A'v) = J: {f(s), B'e =97 4v> ds.

(") Again the extended norm is used (cf. Definition 2.2).
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Hence
KAF@, 3] 5 [ 1K/6), Beme=om | ds
< [ [0 [T 1 m ] 1Bemtemmaets, ) d dy ds
- f J £ (s, %, )| [kCx, Y)|HAo(x— 1 +5) dx dy ds,
by noting that |Bg(x, »)] = [k(x, )| g(x)| (cf. (5.3)).

However, since A'v(x—1+s)=[g |k(x—1t+s, 0)|*Po(x—t+s5, 0) do by (5.2), we
thus have

[<AF(t), v)|
s Jﬂf (1fCsy x, p)| [k(x—t+s5, )[P)(|k(x, p)|M|o(x—t+s, 0)|) dx dy ds do

O
{J]I[ |k(x, y)| |o(x—t+s, 0)|? dx dy ds do}llq X0 4 &I

where
1/
ot) = {J:ﬁ |f(s, x, |7 |k(x—1t+s, 0)| dx dydsda} p.
Consequently
[AF@D| = o()KF"
Since

f: o) dt = fffﬂlf (s, x, Y)|"|k(x—t+s, 0)| dx dy ds do dt

= kLS5
it follows that

[T 1aFo dr < W [ ooy de < e+l 13,
[ 0

This proves that fe D(Ade '*°TBf) and |Ae 'TBof|a=|AF(-)|a <Ml |f]2-
The second assertion can be proved in the same way with the same bound.

Theorem 5.3 follows from Lemmas 5.2, 5.4 and 5.5.

REMARK 5.6. We may consider the differential operator T= —id/dx acting in
L?(— o0, 0) instead of L?(0, co) throughout Theorem 5.3, and the kernel function
k(x, y) of the disturbances defined on —oo < x, y<oo instead of 0 x, y<oo. It is
easy to see that our whole process can be applied to this case without any significant
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change (in fact it is even simpler, for we can, in this case, simply take T=1).
Consequently Friedrichs’ ““ gentle perturbation of second kind”’ can be handled by
our method completely.
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